MORPHISMS OF VERMA MODULES OVER EXCEPTIONAL LIE 

SUPERALGEBRA £^(5,10). 



ALEXEI RUDAKOV 



Abstract. In this paper we define the degree of a morphism between (generaUzed) 
Verma modules over a graded Lie superalgebra and construct series of morphisms of 
various degrees between (generalized) Verma modules over the exceptional infinite- 
dimensional linearly compact simple Lie superalgebra E{5, 10). We prove that all such 
morphisms of degree 1 are found. 



To Victor Kac for the birhtday 



0. Introduction. 



The paper continues the study of representations of the exceptional infinite-dimensional lin- 
early compact simple Lie superalgebra £'(5, 10) that has begun in |KR3] . Here we deal with 
morphisms between (generalized) Verma modules. We define a degree of such a morphism 
and notice that the morphisms described in [KR3j are morphisms of degree 1. In the paper 
we prove that there are no more morphisms of degree 1. But we find morphisms of degrees 
2 and 3 when considering products of morphisms of degree 1. 

It takes some efforts to find morphisms of degree 4. We study their properties and use 
them to construct also some morphisms of degree 5. We show that the picture of complexes 
of Verma modules over £(5, 10) given in |KR3j extends naturally with the morphisms of 
degree 4. 

At the moment it is not clear if there are more morphisms of degree > 3, but we know 
that there are no other morphisms of degree 2. We will include the proof of this fact in a 
subsequent paper. 



1. Verma modules. 

We keep the notations from jKR2) (see also [KRlj . [R)V 

Let L = (Bjezgj be a Z-graded Lie superalgebra by finite-dimensional vector spaces. Let 

L- = ©j<o gj, L+ = ©j>o gj, Lo = go + L+ . 

As usual we denote by U — U{L) the universal enveloping algebra of L and similarly 
C/o = U{Lo), C/- = U{L^). 

Let us notice that the grading extends to the enveloping algebras, in particular to U-. 
It is convenient to change the sign of the degree when considering this grading on C/_ . We 
shall call it the natural grading of C/_ . 

Given a gQ-module V, we extend it to a io-module by letting act trivially, and define 
the induced L-module 



M{V) = U^UoV. 
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We shall use the vector space isomorphism 

M{V) = U-(g>cV. 

Definition 1.1. Let V be a g-module. The L-module M{V) is called a (generalized) Verma 
module (associated to V). When we want to emphasis that V is a finite- dimensional irre- 
ducible g-module, we call the Verma module M{V) a minimal Verma module. 
A minimal Verma module is called non-degenerate if it is irreducible and degenerate if it is 
not irreducible. 

Let A and B be two gQ-modules and let Hom(74, B) be the gp-modulc of linear maps 
from ^ to i?. The following proposition will be used to construct morphisms between the 
L-modules M{A) and M{B). 

Proposition 1.1. Let ip : M{A) — > M{B) be a morphism of L -modules and 

$ G U- (8)c Hom(y4,i3) be such that (^(1 (g) a) = Then $ has the properties: 

(1.1a) v^{a) = <^{ua) for V € 

(1.1b) v^{a) =Q for V L+ . 

and the morphism if is determined by the rule 

(1.2) ip{u ® a) u$(a) . 

Moreover for any $ with the properties hi. la]) . Ill . 1 b\) a morphism ip : M{A) — > M{B) is 
uniquely defined. 

Proof. If ip : AI{A) — > M{B) is a morphism of i-modules then for u G U{Lo), 

u (p{l (E) a) = (p{u (E) a) — ip{l ua) . 

Properties (|l.lap and (jl.lbp follow. 

Now given $ G U- 0c tlom{A, B)) with the properties (jl.lap . (jl.lb[) we may wish to use 
(|1.2p to define ip, but in order to conclude that (p is well-defined we have to check for any 
u € U , V € Uq the equality 

(p{uv (g) a) = (p{u (g) va) . 
Clearly it is equivalent to an equality 

V $(a) = $(w a) , 

and it is sufficient to consider cases: w G gg and v G L+. For the first case the equality is 
exactly the same as the property (|l.la[) . In the second case we have va = because L+ act 
trivially and we come to the property (jl.lbp . □ 

Let us denote the morphism defined in the proposition as $ = ip\A and call it the restric- 
tion of ip. 

Definition 1.2. We say that a morphism ip : AL(A) — > M{B) has degree k when 
^ = (P\a = Ui (g) £i , where Ui G U- , £i G IIom(yl, B) 

i 

and deg Ui — k for all i . 

We shall permit ourselves to denote the morphism of Verma modules and its restriction 
by the same letter when it does not lead to confusion. 
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Remark 1.3. If Lq is generated by gg and a subset of T C L+, then conditions are 
equivalent to 

(1.3a) go-* = 

(1.3b) t $(«) = for all i € T , a G A . 

The " dot" in (|1.3al) denotes the action of gg on the tensor product of gp-modules U- and 
Honi(yl, B). Usually it gives a hint to a possible choice of $ and may be checked by general 
invariant-theoretical considerations. The condition (jl.3b|) is often more difhcult to check. 

Remark 1.4. We can view Af(y) also as the induced (L_©gQ)-module: C/(L_©go)®[/(g^^)T^. 
Then condition (ll.3a|) on $ = Ui 4, where Ui G J7(L_ © gg), £i G Hom(A, _B), suffices 
in order (jl.2p to give a well-defined morphism of (iy_ © gQ)-modules. One can also replace 
gQ by any of its subalgebras. 

2. Lie superalgebra £^(5,10). 

Recall some standard notation: 

n 

Wn = {J2P^i^)^^ I P» G C [[xi , . . . , X„]] , d,=d/dx,} 

i=i 

denotes the Lie algebra of formal vector fields in n indeterminates: 

i 

denotes the Lie subalgebra of divergenceless formal vector fields; ^^{n) denotes the associa- 
tive algebra of formal differential forms of degree fc in n indeterminates, Vl'^gin) denoted the 
subspace of closed forms. 

The Lie algebra Wn acts on f2'^(n) via Lie derivative D -> Le,. Given A G C one can 
define the twisted action: 

D uj = Lu^ + \{divD) uj . 

The W^„-module thus obtained is denoted by VL^{n)^. Recall the following isomorphism of 
H/^i- modules 

(2.1) 1¥„ ~l]"-i(n)-i. 

It is obtained by mapping a vector field D G Wn to the (n - l)-forni i£){dxi A ... A dxn)- 
Note that (|2.ip induces an isomorphism of S'„-modules: 

(2.2) Sn^^li\n). 

Recall that the Lie superalgebra E{h, 10) = -E(5, 10)o + £^(5, 10) j is constructed as follows 

E{b,lQ)-a ^ S^, E{b,lQ)i^nl^{b). 
To describe brackets consider an algebra i^(5, 10) i^(5, 10)o + -E(5, 10)i = + ^'^{b) 

where the subalgebra W5 acts on -E(5, 10)i via the Lie derivative, but for W2, ^2 G £'(5, 10)i 
the brackets are 

[cj2, = W2 A ^2 G rJ''(5) ^ W5 (see ) . 

Now E{5, 10) is a subalgebra of E{5, 10). Let as note that E{5, 10) is not a Lie superalgebra, 
the Jacobi identity is no longer true in this larger algebra, but true in E{5, 10) . 
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As in jKR2| we use for the odd elements of E{5, 10) the notation dij = dxi A dxj — 
1,2,..., 5); recah that we have the following commutation relation (/, g G C[[a;i, . . . , X5]]): 

[fdjk,g dim] = ^ijkim fgdi , 

where tijkim is the sign of the permutation ijkim if all indices are distinct and otherwise. 

Recall that the Lie superalgebra L = E{5, 10) carries a unique consistent irreducible 
Z-gradation L = (Bj>-2 gj- It is defined by: 

degXi = 2 = - deg di , deg dij = -1 . 

One has: gp ~ 5^5(0) and the gg-modules occurring in the L_ part are: 

g_i = (d., |i,j = i,...,5)~A2e% 

f9-2 = (9, |i = l,...,5)~C5*. 

Recall also that consist of closed 2-forms with linear coefhcients, that gj^ is an irreducible 
go-module and g^ = [gi [. . .]] = g{ for j > 1. 

3. Degenerate Verma modules and morphisms of degree 1. 

We take for the Borel subalgebra of g^ 2± sl^ the subalgebra of the vector fields 

{^(^iji^i^j) I fly e C, tr(ay) = 0} = {xidj, i < j, h^ = Xidi - Xi+idi+i) . 
i<j 

We denote by 712, na, 714) the finite-dimensional irreducible gg-module with highest 

weight (ni, 71,2, 71.3, 71,4). Let 

M(ni,n2,n3,n4) = A/(F(77i, 712, 773, 774)) 

denote the corresponding generalized Verma module over i?(5, 10). 
Let us repeat a conjecture from |KR3] (where it contains a misprint) 

Conjecture 3.1. The following is a complete list of degenerate Verma modules over 

M{m,n, 0,0), M{m,0,0,n), and M{0,0,m,n) {for any m,n £ 7^^). 

In this section we construct three series of morphisms of degree one of Verma modules 
which shows, in particular, that all modules from the list given by Conjecture 13. II are indeed 
degenerate. 

We let (see }KR3| . but our notations differ slightly): 

Sa = 5(C^ + A^C^) , Sb = S'(C5 + C^*) , Sc = S'(C'"^* + A^C^*) . 

Denote by (i = 1, . . . , 5) the standard basis of and by xtj = —xji {i,j — 1, . . . , 5) 
the standard basis of A^C^. Let z* and x*^ = -x*^ be the dual bases of C^* and A^C^*, 
respectively. Then Sa is the polynomial algebra in 15 indeterminates Xi and Xij, Sb is the 
polynomial algebra in 15 indeterminates z* and x*j and Sc is the polynomial algebra in 
10 indeterminates Zi and z*. 

Given two irreducible gp-modules E and F, we denote by {E (g) F)high the highest ir- 
reducible component of the gg-module E ^ F. li E = ®iEi and F = ®jFj are di- 
rect sums of irreducible gp-modules, we let {E (g) -F)high — ®i,j{Ei ® -FjOhigh- If E and 
F are again irreducible gg-modules, then S{E © F) = ®m,n^T.+ S"^E ® S^F, and we let 
Shigh{E®F) = ©m,«GZ+('S'"-E(X)5"F)high- We also denote by Siovf{E®F) the gg-invariant 
complement to Shigh{E © F). 
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It is easy to see that we have as gQ-modulcs: 

'S'^.high — ®m,nez+F{m,n,0,0) , 

5's,high - ®m,nez+-F'("^,0,0,T^) , 

5'c,high ^ ®rn,nez+F{0,0,m,n) . 

Wc arc going to construct morphisms Vx € Endj:,(M(S'ji:,high)) of degree 1 for X = A, B or 
C. Let us start with the following operators: 

5 

(3.1) = 5^ dij (g) efj , 

where 9^ G Hom(S'x, Sx), X = A, B or C . Namely we take 

e^. = — 9^.=z*—-z*— 9^=x*- 
dxij' 'dzj ^dzi' 

In order to get the morphisms of Sx,high. we need following more specific realizations of these 
spaces. 

Proposition 3.2. The gQ-module Sc,high is equal to a factor of the polynomial ring Sc by 
the ideal Sc,iow generated by the relations: 

(3.2a) X*ab^*cd ~ ^ac^bd + ^ad^bc — ^ f'^''" Cl,b,C,d= 1, . . . , 5 , 

(3.2b) xlhZ* - xl^zl + xl^zl =0 /or a, 6, c = 1, . . . , 5 . 

This follows from the fact that the orbit of the sum of highest weight vectors in 
F(0, 0, 0, 1) ® F(0, 0, 1, 0) is a spherical variety. 

Proposition 3.3. The g^-m.odule SBMgti is equal to a factor of the polynomial ring Sb by 

the ideal Sb,\o-w generated by the relation: 

(3.3) Yl =0- 

i=l,..,5 

Similarly we use the fact that the orbit of the sum of highest weight vectors in 
F(l, 0, 0, 0) ® F(0, 0, 0, 1) is a spherical variety. 

Proposition 3.4. The gQ-module SA,high is equal to the subspace of all polynomials f € Sa 

that satisfy the following equations: 

for a,b,c,d= 1, . . . , 5 , 

for a,b,c= 1, . . . , 5 . 

We notice that the realization of Sc as differential operators on Sa makes the perfect 
duality. The proposition means that SA,high coincides with the orthogonal complement to 
Sc,\ow, which is clear because SA,high is dual to ^chigh. 

Corollary 3.5. (a) The operator Va preserves the subspace SA,high of Sa and therefore 
defines a map Va € End(5'A,high)- 

(6) The operator Vb preserves the ideal Sb, low of Sb and thus determines a map of the 

factor rings Vb G End(S'B,high). 

(c) The operator Vc preserves the ideal Sc,iow of Sc and determines a map of the factor 
rings Vc e End(5c,high). 



(3.4a) 
(3.4b) 



/_d d_ _ 

\ dXab dXcd 

f d d 



_d d_ 

d d 



+ 



+ 



_d d_ 

d d 



\dxab dzc dxac dzf, dxbc dz, 
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The statements (a) and (c) are evident. For (6) we notice that V b acts as a derivative, 
thus it is enough to check that it annihilates the generator of the ideal Sb, low given by p.3|) . 
which is straightforward. 

To keep with the notations in jKR3| we let: 

Va = Sams^, ^s(resp. c) = '5's(resp. c)/5'B(resp. c),iow — 'S'B(resp. C), high- 
Theorem 3.6. (a) The operators Vx define E{5, 10)-morphisms M{Vx) — > M{Vx) 
{X = A,B orC). 

(b) Morphism S/ x restricted to M = M(ni, ^2, ^3, ^4) is trivial iff X = A and 
M = M(m, 0,0,0), or X = B and M = Af(0,0,0,n). 

(c) The non-zero morphisms Vx are morphisms of degree 1. 

Proof. It is immediate to see that gg • Vx — 0. By Remark 11.41 we conclude that there 
exist the corresponding (C/_ © gQ)-morphisms AI{Sx) — > M{Sx) that we permit ourselves 
to denote by the same symbols Vx- These are evidently morphisms of degree 1. 

In order to apply Proposition 11.11 and get i?(5, 10)-morphisms of modules S'x.high we need 
to check that 

(3.5) • Vx(s) =0 for s e SxMgh- 

Now in order to check p.Sp we may use Remark 11.31 with t = 2:5^45. Namely 

5 

(2^5^45) d,j®efj{s) = 

(3.6) 

= [2:5^45, di2] <S> O^^is) + [xr,di5, dia] 6*5^(5) + [x^d^r,, ^23] ® 9§^{s) + 

= (2:553) ® e^^is) - {X5d2) (E> ^fals) + {x5di) 6*^3(5) . 

It is not difficult to check that for X = yl the right hand side is equal to zero modulo 
relations (|3.4p . 

Now let us consider X = B. Here for s E Sb 

{x^d (s) = (z5Z* — — - z*z* — — Z5Z* — — + z*z* — —\ (s) 

" \ " dzh dzc ° dzb dz^ ^ dza dzc dza dz^ J 

This immediately gives us zero at the right hand side of p.6p . 
When X = C we have 

thus the right hand side of (|3.6I) is zero modulo the relations (l3.2bp .D 
The non-zero maps Vx are illustrated in Figure [51 

The nodes in the quadrants A, B and C represent generalized Verma modules M{m, n, 0, 0), 
Af (0, 0, m, n) and M{m, 0, 0, n), respectively. The arrows represent the E{5, 10)-morphisms 
S/ X , X — A, B or C in the respective quadrants. 

Proposition 3.7. (Vx)^ ^ {X = A, B or C) . 

It is not difficult to check the following lemma. 

Lemma 3.8. Equation (Vx)^ = for Vx G EndL(M(Vx)) is equivalent to the system of 
equations : 

OabOcd - O^Md + = /or a, 6, c, d = 1, . . . , 5. 
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e -G « -G- m 




n n 

Figure 1. Morphisms of degree 1. 



B:M(ni,0,0,n) 



For X = A the equations follow from Proposition I3.4[ for X = C the equations follow 
immediately from Proposition [321 In the case X = B denote 

[ab/cd] = xlxl ■ ^ 



Then we have 
and similarly 



' dxc dxd 



^f,6lfrf ^ [ac/bd] - [ad/bc] - [bc/ad\ + [bd/ac] , 



'^^e^^ ^ [ab/cd] - [ad/bc] - [bc/ad] + [cd/ab] 



qB nB 



[ab/cd] — [ac/bd] — \bd/ac\ + [cd/ab] . 
The equation follows. 

Theorem 3.9. All the morphisms of degree 1 are the following: 
(a) Va ■■ M(ni, 712, 0, 0) -> M(ni, - 1, 0, 0) for ni > 0, n2 > 0; 
(6) Vb : M(rii, 0,0,77,4) -> M{ni - l,0,0,ri4 + 1) for m > 0, 774 > 0; 
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(c) Vc : M (0, 0, ns, m) -> M (0, 0, 713, rn + 1) /or m > 0, ^4 > 0. 

Remark 3.10. In short these are the morphisms represented in Figure[2l i.e. all the non-zero 
morphisms Vx- 

Proof. A morphism : M{n') M{n") of degree 1 is defined according to Proposition ll.il 
by $ of the form 

5 

(3.7) * = H '^ii ® ' 
Because of (|1.3ap the basis {9ij} is dual to {dij} and that means 

(3.8) {Xadb) Oij — —SaiObj — SajOib , 

The equation (|1.3bl) where we consider t — Xqdpq gives (the calculations are similar to those 
in (EH ): 

5 

(Xqdpq) ^ dij (^9ij{s) = 
h3 = l 

= {Xqdc) (S) Oab{s) - {Xqdb) <E) 0ac{s) + (Xgda) <E) 0bc{s) = , 

or 

(3.9) {Xqda)9ab{s) + {Xqdb)9,a{s) + {Xqda)9bc{s) = , 

for different a, 5, c, q. 

Choose s to be the highest weight vector in F{n'). 
Suppose first that 945(3) ^ and a,q < 3, b = 4, c = 5. Then p.9p and p.Sp imply 

(Xqda) ® 945{s) = ~9a4{Xqd5)s - 95a{Xqd4)s = . 

Therefore the weight wt(6'45(s)) has the form (0,0, rn,n) for some m, n > 0. We conclude 
that 

n' = wt(s) = (0, 0, TO + 1, n) . 

This clearly implies tp = \/c- 

We assume ^45(5) — for the following. 
If we apply Xcdq to (13.91) we get 

(3.10) 9ab{hcqS) + 9ca{Xcdb){s) - 9qa{Xqdb){s) + 9bc{Xcda){s) - 9bq{Xqda){s) = 0. 

For a = 3, = 5, c = 2, q = 4 it becomes 

^246*35(5) = -92?,{x2d5){s) + 6*43 (0:495) (s) - 6*52 (2:293) (s) + 6*54 (2:4 ^3 ) («) = (a;493 )6'54 (s) = . 

Suppose that 6*35(5) ^ 0. Then 6*35(5) is a highest weight vector and its weight has the form 
wt(6'35)(s) = (to,0, 0,n) for some TO,ri ^ 0. But when wt(s) — (m, 0,0, n) — (0,1,-1,1) is 
not dominant. 

So we have 6*35(5) — 6*45(5) = 0. 
If ^25(5) 7^ 0, then it is a highest weight vector and similarly we may use p.lOp for a = 2, 
5 = 5, c = 1, g = 4. We come to /ii46*25(5) = 0, which gives an impossible weight for ^25(3). 
Thus 6*25(5) = 0. 

Substitute a = 1, = 5, 1 < c, q < 5 in p.lOp 

hcq9l5{s) = -9lc{Xcd5){s) + 9lq{Xqd5){s) + (.Xcfl )6*c5 (s) - {Xqdl)9q5{s) =0. 

We see that if 6*15(5) ^ 0, then it is the highest weight vector with the weight wt(6*i5(s)) — 
(to, 0, 0, n). It is easy to conclude that = Vs in this case. 



MORPHISMS OF VERMA MODULES OVER £(5,10). 



9 



We have all 9i5 =0. Let 1 < a, 6 < 5. Again p.lOp gives 

hi^9ab{s) = . 

It follows that non of the vectors 9ab{s) can be the hight weight vector, they all are to be 
zero. Only 9ij (s) for j = 2, 3, 4 could be non-zero. 
For & = 3, 4 we have 

h259ib{s) = 9i2{x2db){s) - {x5db)9i5{s) - {x2di)92b{s) + {x5di)9b5{s) = . 

So wt{9ib{s)) should be (m, 0,0, 0) and this is not possible. The only choice is 9ib{s) = 
for 6 = 3,4. 

We are left with the case when all 9ab{s) = except 6*12(5), which is the highest weight 
vector. Then similarly we get /i356'i2(s) = and therefore wt(6'i2(s)) = (m, n,0, 0). Then 
^ = V^. □ 

4. Morphisms of degree 4. 

Our goal is to construct a morphism of degree 4. 
Let us start with the formula 

(4.1) < = ^wa®z% 

where {z°-} is the monomial basis of S'^(C^*) and {ug,} is the dual basis of the irreducible 
si'5-submodule S'^(C^) in [/_ with the highest vector (ii2'^i3C?i4di5. This implies 

■"(30000) = di2di3(ii4C?i5 . 

It is more convenient to write the multi-index in the "multiplicative" form, [1^] instead of 
(30000) and so on. Then 

(4.2) U[122] = U(21000) = di2d23dl4:di5 + di2di3d24:di5 + di2di3diid25 ■ 

The expressions of this type are not unique, for example 

U[23] — ^21^^23^24^25 = rfl2'^23'^24rf25 i 
"[33] = ^31^32^34^35 = (^13^23(^34^35 ; 
"[4=] — '^4lC?42'^43'^45 = C?14'^24'^34rf45 i 

but each Ug, can be written as a sum of monomials in dij of degree 4. 
Theorem 4.1. (a) For each ni > 3 there exist a morphism of degree 4 

tAB ■■ M(ni, 0,0,0) M{ni -3,0,0,0). 
(6) For any 71,4 > there exist a morphism of degree 4 

tBc ■■ M(0,0,0,n4) A/(0,0,0,n4-l-3) . 
Remark 4.2. We may also write tAB as a morphism of the combined Verma module 

M{C[z,]) = ©M(n, 0,0,0) in itself , tAB ■ M{C[z^]) M{C[z^]) 
in itself given by (j4.ip with Zi — di. Similarly 

tBC : M{C[z*]) ^ M{C[z*]) 
is a morphism given by (|4.ip with Zi equal to the multiplication by z* . 
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Proof of the theorem. We see immediately that Remark 14.21 determines a (i- © gg)- 
morphism of Verma modules. One has to check the condition (jl.3b|) where we may suppose 
that a is the highest weight vector of A. For tAB this means 

2:5^45 • tAB ® z" = n{n - l)(n - 2) 0:5^45 • ^12^13^14^^15 "Xi z"~^ 

= n{n - l){n - 2) {{X5d3)di3di4di5 + di2{xzd2)diAdi^) ® z""^ = . 

The case {h) amounts to a much more complicated computation. We shall write only 
few hints. Evidently the symmetric group S5 acts on the indices. The following simple 
observation helps in the computations. 

Lemma 4.3. For tt G S5 we have n ■ Ua = sign(7r) 

Clearly we have the equalities 

M[122] = {X2di)u[i3] and U[i23] = (X39i)u[i22] , 

that help us to write the elements Ua explicitly. We leave it to the reader to check the rest 
of the computation. □ 

Proposition 4.4. Whenever defined, the following compositions are zero 

tAB-'7A^0, Vs ■ = , 

tBC ■ tAB = . 

The proof is more or less immediate. 

This means that we have got complexes that are shown in the following picture. 
5. Morphisms of other degrees. 

There morphisms of degrees 2, 3 and 5 that can be constructed as compositions of the 
morphisms of degree 1 and 4 described above. 

Proposition 5.1. There are morphisms of degree 2 

Vas = Vs-Va : Af(m, 1,0,0) M{m- 1,0,0,1) form > 0, 
Vsc== Vc-Vs : A/(l,0,0,n) -> M(0,0,l,n+ 1) /or n > , 
Vac = Vc-Va : Af(l, 0,0,0) -> Af(0,0,0,l). 

It is not difficult to see that the morphisms are non-zero and they are evidently morphisms 
of degree 2. 

Proposition 5.2. There is a morphism of degree 3 

Vabc = Vc-Vb-Va :A'/(1, 1,0,0) -^A/(0, 0,1,1). 
It is a simple calculation to check that the morphism in question is non-zero. 
Proposition 5.3. There are two morphisms of degree 5 

t' = Vc-tAB ■■ A/(3, 0,0,0) A/(0, 0,1,0) and 
t" = tBc-^A ■■ Af(0, 1,0,0) A/(0,0,0,3). 



MORPHISMS OF VERMA MODULES OVER £(5,10). 
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m — e-< — e-< — e-< — e-< — e 




A:M(m,n,0,0) 



— o-< — o-< — o-< — o-< — o-< () 



— O-" O-" O-" O-" — o 



— o-< — o-< — o-< — o-< — o 



— O-" O-" O-" O-" — o 



— o-< — o-< — o-< — o-< — o 

C:M(0,0,m,n) 



^ -Q^ ^ -Q^ m 



/ 

n n 



B:M(ni,0,0,n) 

Figure 2. The long complexes with morphisms of degree 1 and 4. 



Again we only need to notice that the morphisms are non-zero which amounts to some 
calculation. It is tempting to believe that we have found already all morphisms between 
degenerate Verma modules. 

Conjecture 5.4. The morphisms listed in Provositions \5.1\\ 5. 21 [5^ and Theorems \3.9l pTT] 
are all morphisms between degenerate (minimal) Verma modules for E{b, 10), in particular 
there are no morphisms of degrees larger than 5. 
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